MATH 3242 Exam 2 Name:

Instructions: Make sure your handwriting is legible. Show all work for credit.
Restrictions: This exam is closed notes/book. You may not use calculators.

1. (25 points) Find a basis for, and the dimension of, the subspace of P3 consisting of the cubic polynomials
p(z) such that p(1) = 0 and p(—1) = 0. You may use whatever method you prefer, but make sure that you
provide sufficient justification as to why this set forms a basis.

Solution: Let this subspace be called V. Then

V ={p(x) € P3:p(1) =0 and p(—1) =0}
= {ao + a1z + agz? + azz® : ag + a1(1) 4+ az(1)? + a3(1)® = 0 and ag + a1(—1) + az(—1)% 4+ az(—1)3 = 0}

3

:{a0+a1$+a2x2+a3x :a0+a1+a2+a3:0andag—al—l—ag—ag:0}

= {ap + a17 + asz® + azz®

Pap = —a] —az — ag andao—a1—|—a2—a3:0}
(—a1 —az —a3) + a1z + agz? + azz® (—a1 —ag —az) —a; + a2 —az = 0}
(*al — a9 — ag) + a1x + CLQIE2 + CL3:E3 :—2a1 — 2a3 = 0}

3 a2, a3 € R}
ag(x? — 1) + az(z® — ) : ag,a3 € R}

{
{
={(—a1 —az — a3) + a1z + asx® + azz” : a1 = —a3}
{
{
Spaun(:v2 —1,2% - 7)

Thus a natural candidate for a basis is (x? — 1,23 — 2). This obviously spans V so we need only test
for linear independence. Since we have

a(z? = 1)+ p® —x) =0
—a—fBr4+ar’+62°=0 = a=8=0

the set is linearly independent and hence (z? — 1, 2% — z) forms a basis for V. There are two vectors in
this basis, so dim (V') = 2.
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2. (25 points) Prove that the map h : Mayxo — Mjx3 defined by

<‘CL Z)H(a—b c—d a+d)

is a homomorphism. Then find its nullspace and nullity. Finally, use the nullity to determine the homo-
morphism’s rank without actually constructing its rangespace.

Solution: Let o, € R and (Z 2) , (i g) € Msyyo. Then

(o) o (D) (el aatd))
= ((aa+ Bp) — (ab+ Bq) (ac+pr) = (ad+ fBs) (aa+ Bp) + (ad+ fs))
:a(a—b c—d a-l—d)Jrﬂ(p—q r—s p—l—s)

en((: ) ()
Thus h is a homomorphism. Since we have
= {(2 ()00 0}
:{(‘CL Z):(a—b c—d a+d)=(0 0 o)}

(- romemsmin)
(1)

Since the ordered set < (_11 _11> > spans the nullspace and is obviously linearly independent, it forms

a basis for N'(h). Since it contains a single nonzero element, nullity(h) = 1. Moreover, we can apply
the rank/nullity theorem to get rank(h) = dim(Mayx2)— nullity(h) =4 —1 = 3.
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3. (25 points) Using the natural bases for P» and Ps, find the matrix representations of the homomorphisms

h : Py — Py defined by h(ag + a1z + asx?) = 5 + agz + ‘7’—21:132 + ‘%—QxS, and
g: Ps — Py and g(ag + a1w + asx? + azzd) = ay + 2asx + 3azx?.

Then, using these two matrices, determine the matrix representation of g o h.
Hint: If you’ve had calculus then the result here shouldn’t surprise you.

Solution: Let B = (1,z,2%) and C = (1,z,22,23). Applying h to the elements of B we get

1 1
h(l) ==z h(z) = 51’2 h(z?) = —a®
! ! !
0 0 0
1 0 ) 0
Repe (h(1)) = 0 Repe (h(7)) = | 1 Repc (h(z?)) = 0
2
1
0 c 0 C 3/ ¢
Similarly, applying ¢ to the elements of C' we get
g(1) = g(z) =1 g(z*) =2z g(z°) = 327
! ! ! !
0 1 0 0
Repp (9(1)) = [ 0]  Repp(g(x))={0|  Repg(9(z®)) ={2| Repg(9(z)) =0
0/ g 0/ 5 0/ g 3/

Thus we obtain the following matrix representation for our homomorphisms:

OO~ O
o= O O
w— O O O
[l e}
w O O

Finally, we can find the matrix representation of go h, call it @), by simply calculating the product GH.

[an)

0100(1)80 1 00
Q=GH=10020ff 1 jf=[{010
000 3 27 0 0 1

00 2
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4. (25 points) Determine whether A is invertible and, if so, find its inverse. Verify that your answer is correct
by multiplying it with A.

1 2 3
A=12 5 3
1 0 8
1 2 3/1 00 — 12 3|1 00 —
Solution: 25 3|0 10 p2 — 2p1 0 1 -3|-2 10 —
1 0 8/0 0 1 p3 — pP1 0 -2 5 |-1 01 p3 + 2p2

1 2 3 1 00 — 1 2 3 1 0 0 p1 — 3p3
01 -3/-210| — [01 =3/—2 1 0 | p2+3ps
00 -1]-5 21 —p3 00 1 5 -2 -1 —
1 2 0|-14 6 3 p1 — 2p9 1 0 0|—-40 16 9
1 0| 13 -5 -3 — 01 0| 13 -5 =3
0 0 1 5 -2 -1 — 0 0 1 5 -2 -1
—40 16 9
Thus A is invertible and A=t = 13 -5 -3
5 -2 -1

We can verify this easily by checking that either product (i.e. AB or BA) gives us the identity matrix.

—-40 16 9 1 2 3 —40+32+9 —80+80 —120+48+ 172 1 00
13 -5 -3 2 5 3|=13-10—-3 26-25 39—-15-24 =10 1 0
5 -2 -1 1 0 8 5—4-1 10 - 10 15-6-38 0 01

Extra Credit

5. (10 points) Prove that if B is invertible then B” is invertible and (BT)_1 = (Bfl)T.

Solution: Let B be invertible. Then B~ exists and
BT (B Y =(B'B) =1" =1, and
B Y BT=BB Y =1T=1

Thus B7 is invertible and (BT)_1 = (B_l)T.




